
Exercise 1.
Let a ∈ N be a fixed natural number. Let aWe := {x ∈ N |φe(x) = a}.

1. Show that each set aWe is r.e.

2. Does the enumeration aW0,
aW1, . . . include all r.e. sets?

Solution.

1. x ∈a We ⇐⇒ φe(x) = a ⇐⇒ ∃tS1(e, x, a, t).

Since S1(e, x, a, t) is decidable, the predicate “x ∈a We” is p.d., which by
definition means that aWe is r.e.

2. Yes, it does. To prove this, we need to show that given a r.e. set A, we
can find an e such that A = aWe.

So, let A be an r.e. set. By Characterization I of partially decidable
predicates, there is a computable function g such that x ∈ A ⇐⇒ g(x)↓.
Let ka be the constant function ka(x) = a. We have:

x ∈ A ⇐⇒ g(x)↓ ⇐⇒ (ka ◦ g)(x) = a

Now, ka ◦ g is a composition of two computable functions, so it is com-
putable. Let e be a number such that φe = ka ◦ g. Then we have:

x ∈ A ⇐⇒ (ka ◦ g)(x) = a ⇐⇒ φe(x) = a ⇐⇒ x ∈ aWe

which shows that A = aWe.

Exercise 2.
Show that the set A = {x |φx is not injective} is r.e.

Solution. This amounts to showing that the predicateM(x) = “φx is not injective”
is partially decidable. We have:

M(x) ⇐⇒ ∃y∃y′∃z(φx(y) = z and φx(y′) = z and y 6= y′)

The identity predicate is obviously decidable and thus also p.d. We have shown
in one of the previous exercises that the predicate M ′(x, y, z) = “φx(y) = z” is
p.d. We have also shown that the conjunction of p.d. predicates is p.d. All this
together implies that the predicate M ′′(x, y, y′, z) in the brackets is p.d. Since,
M(x) is obtained by existential quantification over a p.d. predicate, it is p.d.

Exercise 3.
Let f be a unary computable function, and let A ⊆ Dom(f). Let g = f |A:
this means that g(x) = f(x) if x ∈ A, and g(x) ↑ if x 6∈ A. Show that g is
computable iff A is r.e.
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Solution. Suppose g is computable. By definition, g is defined on every x ∈ A,
and undefined on every x 6∈ A. Thus A = Dom(g); since g is a computable
function, this suffices to show that A is r.e.

Conversely, suppose A is r.e. This means that the semi-characteristic func-
tion sA(x) is computable (recall that sA(x) = 1 if x ∈ A and sA(x)↑ otherwise).
Then, we can compute g(x) by means of the following procedure:

• compute sA(x);

• if this computation halts, compute f(x);

• return the output of the computation of f(x).

Both steps can be effectively performed, because sA and f are both computable.
Let us show that this procedure computes g. Consider two cases:

• Case 1: x 6∈ A. The procedure does not halt, because the first step doesn’t.
This is what we need, since in this case g(x)↑.

• Case 2: x ∈ A. Then the computation of sA(x) halts, so after a finite time
we come to compute f(x) and to output the corresponding value. This is
what we need, since in this case g(x) = f(x).

By the Church-Turing thesis, g is thus computable.

Exercise 4.
Let A be an infinite r.e. set. Show that A can be enumerated without repetitions
by a total computable function.

Solution. Let A be an infinite r.e. set. What we are asked to show is that
A = Ran(h) where h : N→ N is total, computable, and injective. This ensures
that no element of A occurs twice in the enumeration h(0), h(1), . . .

We already know that A = Ran(f) for some total computable function
f : N → N. However, this f is not necessarily injective. We want to use f to
construct our injective function h. We define our function h inductively:

• h(0) = f(0)

• h(n + 1) = the first number in the sequence f(0), f(1), f(2), . . . which is
different from h(0), . . . , h(n)

We want to show that h is the function we need, i.e., that it is computable,
total, and injective.

• h is injective, since by construction h(n) is distinct from each h(m) with
m < n;

• h is total, that is, h(n) ↓ for each n. We can show this by induction on
n. h(0) = f(0) is defined because f is total. Now suppose h(0), . . . , h(n)
are defined and consider h(n + 1): since A = Ran(f) and A is infinite,
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this means that infinitely many numbers occur in the infinite sequence
f(0), f(1), . . . . So, we are guaranteed to find in this sequence a (first)
number which is different from each of h(0), . . . , h(n). Hence, h(n+ 1) is
defined.

• h is computable. To show this, we give an effective procedure for obtaining
h(n) for any given n.

To obtain h(0), just compute f(0) (this is possible, as f is computable)
and return the result.

Now assume that we have already computed h(0), . . . , h(n). To obtain
h(n+1), compute the numbers f(0), f(1), f(2), . . . until you find a number
which is different from each of h(0), . . . , h(n) (for each f(i), we can check
in a finite time whether this is the case). As soon as we find such a number
f(i), output this number.

Clearly, the described procedure computes the function h.

Thus, the total computable function h gives an enumeration of A without rep-
etitions.
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