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Exercise 1. [Unlimited register machines]
Suppose P is a URM program that computes the function f . Show how P can
be transformed into a program P ′ that computes the following function f ′:

f ′(x) =

{
1 if f(x) ↓
undefined if f(x) ↑

Solution Suppose P = I1, . . . , Ik. We obtain P ′ in two steps. First, if P
contains any terminating jump instruction J(n,m, h) with h > k, we replace
this instruction by J(n,m, k+1).1 Let P ′′ = J1, . . . , Jk be the resulting program.
Then we define our program P ′ as:

P ′ =



J1
...
Jk
Z(1)
S(1)

To see that P ′ indeed computes the function f ′, consider an input x.
First, suppose that f(x) ↑. Since P computes f , this means that P never

halts on x. Since P ′′ is exactly the same as P except in the way of terminating,
P ′′ doesn’t halt either. Therefore, neither does our program P ′, which by con-
struction behaves exactly like P ′′ until P ′′ terminates, if ever. This is what we
need, since in this case, f ′(x) ↑.

Now, suppose that f(x) ↓, and so the computation P on input x will ter-
minate. Then, since P ′′ is identical to P except in the way of terminating, the
computation of P ′′ will terminate as well. But by construction, if P ′′ termi-
nates, it does so by looking for instruction k + 1 and failing to find it. Now,
our program P ′ behaves exactly like P ′′, except that where P ′′ stops by failing
to find instruction k + 1, P ′ encounters the instructions Z(1) and S(1), which
result in the first register being set to the value 1. After that, the computation
will stop for lack of a next instruction. Hence, in this case, the computation of
P ′ on x halts with output 1. Again, this is what which is what we need since
in this case f ′(x) = 1. Thus, P ′ indeed computes f ′.

1In the book’s terminology, we bring P in standard form.
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Exercise 2. [Unlimited register machines]
Write a URM program that computes the Fibonacci function, defined as follows:

• F (0) = 1

• F (1) = 1

• F (n + 2) = F (n) + F (n + 1)

Solution. To compute the number F (x), we can use the following procedure.
For k = 0, 1, 2, . . . , we run through the following memory configurations.

R1 R2 R3 R4 R5

x F (k) F (k + 1) F (k + 1) k

The idea of the procedure is captured by the following diagram. Notice that the
first three instructions just have the role of setting the initial content of R2, R3

and R4 to 1, since in the initial state, when k = 0, we have F (0) = F (1) = 1.

1 R2 := R2 + 1
2 R3 := R3 + 1
3 R4 := R4 + 1

4 R1
?
= R5

yes−→ R1 := R2 and stop

↓no

5 R5 := R5 + 1
6 R4 := R2 + R3

7 R2 := R3

8 R3 := R4

9 back to step 4

The reason that we keep F (k+ 1) stored twice in the memory, is that when k is
incremented to k + 1, the value F (k + 1) in cell 5 is transformed into F (k + 2).
However, we still need to keep track of the the value of F (k+ 1) in the memory,
since this value is needed later to compute F (k + 3) = F (k + 1) + F (k + 2).

As usual, since we don’t have a direct instruction for computing binary sum
in the URM language, step 3 of the above procedure needs to be implemented
by means of a sub-routine which uses a counter h in register 6. Keeping this in
mind, we can write the above procedure as the following URM program, where
instructions 6-10 implement the subroutine for R4 := R2 + R3.
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1. S(2)

2. S(3)

3. S(4)

4. J(1,5, 14)

5. S(5)

6. Z(6)

7. J(2,6,11)

8. S(6)

9. S(4)

10. J(1,1,7)

11. T(3,2)

12. T(4,3)

13. J(1,1,4)

14. T(2,1)
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Exercise 3. [Recursive functions]
Show directly (i.e., without using the fundamental result or Church’s thesis)
that the predicate M(x) = “x is odd” is recursive.

You may appeal to facts established in class, e.g., that the following functions
are recursive: constant functions of arbitrary arity, sum, product, predecessor,
symmetric and asymmetric difference.2

Solution We need to show that the characteristic function cM is recursive.
Since cM (x) is always either 0 or 1, the symmetric difference sd(1, cM (x)) is
1 if cM (x) = 0, and 0 if cM (x) = 1. Using this fact, we can give a recursive
definition of cM as follows:

• cM (0) = 0

• cM (x + 1) = sd(1, cM (x)) = h(x, cM (x)) where h(x, y) = sd(1, y)

So, cM is obtained by recursion from the number 0 and the function h.
If we can show that h is recursive, it follows that cM is recursive as well.

Now, we have h = sd ◦ 〈ONE2, U2
2 〉, where ONE2 is the constant 1 function

with two arguments: ONE2(x, y) = 1. Since the three functions involved in the
composition are recursive, so is h.

2Recall the definitions of symmetric difference sd(x, y) and asymmetric difference ad(x, y):
both functions coincide with standard difference x− y when x ≥ y, but when x < y we have
sd(x, y) = y − x, while ad(x, y) = 0. Thus, e.g., sd(3, 5) = 2, while ad(3, 5) = 0.
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Exercise 4. [Turing machines]
Write a Turing machine program that decides the predicate M(x) = “x = 0”.

Solution. The following Turing machine program over Q = {q0, q1, qY , qN , qT },
with initial state q0, decides M(x).

1. 〈q0,#, B,→, q1〉

2. 〈q1, 1, B,→, qN 〉

3. 〈q1,#,#,→, qY 〉

4. 〈qN , 1, B,→, qN 〉

5. 〈qN ,#,#,→, qT 〉

6. 〈qY , B, 1,→, qT 〉

7. 〈qT , B,#,−, qT 〉
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Exercise 5. [Turing machines]
Is the following claim true or false? Give a proof of your answer.

Claim There is a fixed finite set Q = {q0, . . . , qn} of states such that any
computable function f can be computed by a Turing machine having Q
as its set of states (and alphabet Σ = {1,#, B}).

Solution. The claim is false. To see this, consider the set of instructions which
are possible for a Turing machine with alphabet Σ = {1,#, B} and set of states
Q = {q0, . . . , qn}. This is:

IQ = Q× Σ× Σ× {←,−,→}×Q

This is a cartesian product of finite sets, and so it is finite. (More specifically,
there are exactly 27(n + 1)2 instructions in this set.) Now, a Turing machine
program is just a set of instructions. So, the set PQ of programs which are
possible for such a machine is the set of subsets of IQ:

PQ = ℘(IQ)

Since IQ is finite, it has only finitely many subsets. (More specifically, we have

exactly 227(n+1)2 Turing programs with alphabet Σ and set of states Q.)3

Now, since each machine with set of states Q is completely characterized
by its program, there are only finitely many Turing machines with set of states
Q. Since each machine computes a single unary function, and since there are
infinitely many unary computable functions, it follows that there are infinitely
many unary computable functions which are not computed by a Turing machine
with set of states Q. Thus, to get the full class of computable functions, we must
allow for Turing machines with arbitrarily large sets of internal states.

3Notice an interesting difference with URM here, where programs are sequences of in-
structions, and where with finitely many instructions we can write infinitely many distinct
programs. In the Turing machine approach, repeating an instruction in a program would just
be redundant, since the execution of the program does not care about the position of the
instruction in a program. This is what motivates the fact that Turing programs are defined
as sets of instructions, rather than sequences.
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Exercise 6. [Church’s thesis]
Use Chruch’s thesis to show that if f : N → N is a total computable bijection,
then its inverse f−1 is computable as well.

Solution. By Church’s thesis, to show that f−1 is computable we just have to
describe informally a procedure, and prove that this procedure computes f−1.
When given an input x, we can compute f−1(x) as follows:

1. start with k = 0;

2. compute the value of f(k);

3. if f(k) = x, output k and stop;

4. otherwise, increment k by 1 and go back to step 2.

Notice that step 2 can be performed because f is computable by assumption.
Moreover, since f is by assumption total, the computation of f(k) for any given
k halts after a finite amount of time. This means that after a finite amount
of time we will reach the iteration where k = f−1(x). At this point, since
f(k) = f(f−1(x)) = x, the procedure will stop and output k, which is f−1(x).
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Exercise 7. [Diagonalization]
Prove that there is no general method to decide whether a given number x is in
the range of a given computable function ϕy. That is, show that the following
predicate is undecidable:4

M(x, y) = “x ∈ Ran(ϕy)”

Hint: first show that the unary predicate M ′(x) =“x ∈ Ran(ϕx)” is undecidable.
For this, use the diagonal method.

Solution We start out by showing that M ′(x) is undecidable. To show this,
we want to construct a partial function f : N → N which differs from each
unary computable function ϕx, but which would be computable if M ′(x) was
decidable. We can define such an f as follows:

f(x) =

{
undefined if x ∈ Ran(ϕx)
x if x 6∈ Ran(ϕx)

First, notice that by definition, we have:

f(x)↓ ⇐⇒ x 6∈ Ran(ϕx)

Second, notice that whenever f(x) is defined, f(x) = x. This means that on
the one hand, if f(x) ↓, then x ∈ Ran(f). On the other hand, if x ∈ Ran(f),
then we must have x = f(x), and so f(x)↓. In sum, a number x is in the range
of f if and only if f(x) is defined:

f(x)↓ ⇐⇒ x ∈ Ran(f)

Combining these two conclusions, we find the following:

x ∈ Ran(f) ⇐⇒ x 6∈ Ran(ϕx)

This implies that Ran(f) 6= Ran(ϕx), which in turn implies f 6= ϕx. So, f must
be uncomputable, since it differs from any unary computable function.

But now, notice that f can be written as follows:

f(x) =

{
undefined if M ′(x) holds
x if M ′(x) doesn’t hold

This formulation shows that if M ′ was decidable, f would be computable: to
compute f(x), we would just have to use our decision procedure for M to de-
termine whether M ′(x) holds; if we find that M ′(x) holds, we enter an infinite
loop and never return an output; if we find that M ′(x) doesn’t hold, we return
the input x. Since we have shown above that f is not computable, it follows
that M ′ is not decidable.

Finally, to show that our initial predicate M(x, y) is not decidable either, it
suffices to notice that cM ′(x) = cM (x, x): so, if cM was computable, cM ′ would
be computable as well, contrary to what we have just seen.

4The range of f : N→ N is the set of values taken by f on some argument:
Ran(f) = {y ∈ N | y = f(x) for some x ∈ N}.
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Bonus exercise 1. [Recursive functions]
Show directly (i.e., without using the fundamental result or Church’s thesis)
that the following function is recursive:

f(x) = x : 2 = the greatest y ∈ N such that 2y ≤ x

Hint: use what you have established in exercise 3.

Solution. Let cM be the characteristic function of the predicate “x is odd”.
The function f can be defined by induction as follows:

• f(0) = 0

• f(x + 1) = f(x) + cM (x) = h′(x, f(x)) where h′(x, y) = cM (x) + y

So, f is defined by recursion from 0 and h′. If we can show that h′ is recursive, it
follows that f is, as well. We have that h′ = sum◦ 〈cM ◦U2

1 , U
2
2 〉. Since we have

shown above that cM is recursive, it follows that h′ is obtained by composition
from recursive functions. Hence, h′ is indeed recursive.
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