
Intuitionistic Logic

Homework 5

March 9, 2017

Exercise 1. [IQC and constant domains, 4pt]
Show that the following formula is not IQC valid, but it is valid on models with
constant domains:

∀x(Px ∨ ¬Px)→ ∀xPx ∨ ¬∀xPx

Exercise 2. [IQC and constant domains, 4pt]
Let CD be the logic of constant domains, i.e., the set of sentences valid on all
first-order intuitionistic Kripke models with constant domains. Let P be a new
unary predicate symbol. For every ϕ, define the relativization of ϕ to P , ϕ(P ),
by induction on the complexity of ϕ, as follows:

• ϕ(P ) = ϕ for ϕ atomic

• (ϕ ◦ ψ)(P ) = ϕ(P ) ◦ ψ(P ) for ◦ ∈ {∧,∨,→}

• (∀xϕ)(P ) = ∀x(Px→ ϕ(P ))

• (∃xϕ)(P ) = ∃x(Px ∧ ϕ(P ))

Intuitively, ϕ(P ) says that same as ϕ but with all terms ranging over P .

Show that `IQC ϕ ⇐⇒ `CD ∃xPx→ ϕ(P ).

When giving proofs by induction on ϕ, only spell out the non-trivial cases (in
this case, the induction steps for the quantifiers).

Exercise 3. [n-universal models, 4pt]
Let X be an upset in U(n). A border point of X is a world w such that w 6∈ X,
but for all proper successors v of w, v ∈ X. The set of border points of X is
denoted by B(X). Let [θ] denote the set of points where θ is forced in U(n).

1. Show that if {ψw|w ∈ B([θ])} ` θ for an n-formula θ, then B([θ]) is finite
(the converse implication was proven in class).

2. Show that, if {ψw|w ∈ B([θ])} 0 θ, then there is no finite model falsifying θ
on which {ψw|w ∈ B([θ])} is valid. With the help of point 1, conclude
that finite models are not enough to falsify all non-entailments.

1


