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Exercise 1. [Carried over from previous exercise sheet]
Suppose that, instead of introducing questions in CPC by means of

>

, we do
so by adding ? as a primitive connective. So, we consider a system InqC whose
syntax is given by:

ϕ ::= p | ⊥ | ϕ ∧ ϕ | ϕ→ ϕ | ?ϕ
We showed last week that every formula of InqC is equivalent to a formula of
InqB. Show that the converse is not the case by the following strategy.

1. For any formula ϕ and any model M , define a binary relation ∼ϕ on worlds
as follows:

w ∼ϕ w′ ⇐⇒ M, {w,w′} |= ϕ

Clearly, ∼ϕ is a symmetric relation. Is it also transitive? Give a proof or
a counterexample.

2. Show that every formula ϕ in InqC, we have:

s |= ϕ ⇐⇒ ∀w,w′ ∈ s : w ∼ϕ w′

So, the meaning of a formula in InqC is fully encoded by a binary relation.
Say that a formula ϕ satisfying the above condition is relational.

3. Show that in InqB, not all formulas are relational. Conclude that InqB is
strictly more expressive than InqC.

Exercise 2. [Local tabularity] A logic L is called locally tabular if, for any
finite set P = {p1, . . . , pn} of propositional letters, there are only finitely many
distinct equivalence classes. Classical propositional logic is locally tabular, while
intuitionistic propositional logic is not. Show that InqB is locally tabular in the
following way:

1. Consider the model ωP = 〈Wω, Vω〉, where the worlds w ∈Wω are propo-
sitional valuations w : P → {0, 1}, and Vω(w, p) = w(p). Show that every
non-entailment in InqB is witnessed within this model.

2. Show that non-equivalent formulas are associated with different support-
sets in the model ωP , and that if P is finite there are only finitely many
such sets.


